We show that aperiodic superlattices exhibit intriguing interplay between phononic coherent wave interference effects and incoherent transport. In particular, broadband Anderson localization results in a drastic thermal conductivity reduction of 98% at room temperature, providing an ultralow value of 1.3 W m −1 K −1 , and further yields an anomalously large thermal anisotropy ratio of ∼10 2 in aperiodic Si=Ge superlattices. A maximum in the thermal conductivity emerges as an unambiguous consequence of phonon Anderson localization at a system length scale bridging the extended and localized transport regimes. The frequency-resolved picture, combined with our lattice dynamical description of Anderson localization, elucidates the rich transport characteristics in these systems and the potential of correlated disorder for sub-to few-THz phononic engineering of heat transport in thermoelectric applications.
The recent advent of novel nanophononic systems has enabled tuning the thermal properties of semiconductor materials by the manipulation of coherent thermal phonons [1, 2] . The currently existing strategies for coherent thermal design rely on two distinct approaches. Phononic metamaterials inhibit thermal transport through local structural resonances, induced via branches [3, 4] , shells [5] , and defect concentrations [6] . Phononic crystals, on the other hand, utilize Bragg resonances from an artificially introduced secondary structural periodicity in the form of interstitial and hole arrays [7] or a superlattice (SL) [8, 9] . In these systems, effects stemming from the wave nature of phonons enable subwavelength structural features to affect long wavelength phonons with frequencies below 2 THz. Such low-frequency vibrations contribute significantly to thermal transport in standard semiconductor materials due to their long mean-free paths (MFPs) [10] . Consequently, nanophononic engineering opens promising avenues for several technological applications, such as thermoelectrics, where quenching thermal transport without sacrificing the electrical properties of the crystalline material is desirable [11] .
Within the class of nanophononic structures, binary SLs are merited by their structural simplicity from an experimental standpoint. Furthermore, SLs provide a natural platform for studying wave effects and the interplay between coherent and incoherent thermal transport at period lengths bridged by the coherence length of the dominant phonon modes [8, 9] . Interestingly, theoretical studies have predicted clear thermal conductivity reduction in SLs with randomized layer thicknesses, including Lennard-Jones [12] [13] [14] , two-dimensional [15] , and SiGebased material systems [16, 17] . The phenomenon has been attributed to Anderson localization [18] , originating from the destructive interference of coherent phonons and consequently quenching wave transport under structural disorder. Indeed, recent experiments [19] and numerical studies [20] on nanoparticle embedded SLs have shown evidence of Anderson localization of thermal phonons at low temperatures. However, to this end, no studies have been carried out to explicitly elucidate the spectral features of phonon localization in aperiodic SLs under anharmonic interactions. In contrast, aperiodicity has also been suggested as a structural perturbation for destroying lowfrequency phonon coherence [8] , offering an alternative interpretation of the earlier works.
In this Letter, we present the spectral characteristics of phonon localization in aperiodic SLs at room temperature, including the effect of incoherent impurity scattering by interfacial mixing of atomic species. We uncover that broadband Anderson localization leads to strongly quenched thermal transport in these systems, resulting in the lowest cross-plane thermal conductivity of 1.3 W m −1 K −1 for Si=Ge SLs, well below the alloy limit for Si 0.5 Ge 0.5 . The drastic reduction in cross-plane thermal transport further leads to an anomalously large thermal anisotropy of ∼10 2 . Moreover, we point out the emergence of a maximum in the thermal conductivity scaling, providing an unambiguous signature of phonon localization for experiments. Finally, we develop a phenomenological expression for phonon transmission covering all relevant transport regimes and provide a complementary lattice dynamical picture elucidating the fundamental origin of Anderson localization in aperiodic SLs.
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As a paradigmatic material system, Si=Ge SLs have been devoted an extensive body of prior theoretical work [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , including several studies based on molecular dynamics [16, [34] [35] [36] [37] [38] . As thermal transport in Si=Ge SLs shifts from coherent to incoherent at SL period length of ∼4-8 nm [35] , observation of coherent effects necessitates the study of short-period SL systems. Following this rationale, we set up a model system with a period of 10 consecutive atomic layers of Si and Ge, resulting in a period thickness of d p ¼ 2.8 nm for the periodic superlattice (p-SL). To consistently generate aperiodic superlattices (ap-SLs), the ensemble average of which corresponds structurally to p-SL, we randomly sample ap-SL layer thicknesses within D atomic layers from the nominal thickness of 10 layers, where D then represents a measure of disorder in the periodicity of ap-SL. Figures 1(a) and 1(b) show representative p-SL and ap-SL configurations, respectively, for a system size L ¼ N p d p , where N p denotes the number of periods. As surface-segregation driven intermixing of atomic species plays a strong role in thermal transport of experimentally realized SLs [33, 35] , its effect on localization is further assessed by introducing an atomic mixing region of two atomic layers at the interfaces of SL. The LAMMPS package [39] is utilized for atomistic simulations at a temperature of 300 K (see Ref. [40] for simulation details).
The overall heat transport in the systems is intuitively described in terms of thermal conductivity κ. In Fig. 1(c) , we present the scaling of cross-plane thermal conductivities for p-SL and ap-SL in the strong disorder limit (D ¼ 9) with mixed and sharp interfaces, calculated under nonequilibrium molecular dynamics. The bulk limit (L → ∞) is determined from equilibrium simulations. p-SL exhibits typical scaling behavior in the transition between ballistic (κ ∝ L 1 ) and diffusive (κ ∝ L 0 ) transport regimes as the system size exceeds the MFPs of the dominant phonon modes, smoothly extrapolating to the bulk value. In p-SL with mixed interfaces, the thermal conductivity shows the same scaling characteristics as with sharp interfaces, however with a considerably reduced value suggesting dominant impurity scattering induced by the atomic mixing.
Strikingly, as we impose aperiodicity on the system with sharp interfaces, thermal conductivity is quenched by a drastic 98% and shows a nonmonotonic trend at ap-SL size of ∼30 nm as a maximum emerges in the thermal conductivity scaling. In fact, in Fig. 1(d) we show that while the thermal conductivity systematically decreases with increasing aperiodicity, the maximum is observed even in the presence of moderate disorder at D ¼ 2-3. Indeed, such emergence of a thermal conductivity maximum was recently discovered experimentally [19] and through a Green's function based elastic model [20] at cryogenic temperatures in GaAs=AlAs superlattices with interfacially incorporated ErAs nanoparticles. Here, however, we demonstrate the effect in purely binary layered systems. As we shall discuss below, the maximum originates from the underlying Anderson localization of extended coherent phonon modes as illustrated in Figs. 1(a) and 1(b) (shaded green). Thermal conductivity in the bulk limit is then contributed by nonlocalized diffusive modes. As in-plane thermal conductivity of ap-SL remains comparable to that of p-SL, cross-plane localization additionally provides an anomalously large thermal anisotropy of ∼10 2 [40] .
Inversely, introducing interfacial mixing into ap-SL smears the maximum thermal conductivity through apparent impurity-induced delocalization. It has been argued that coherence is destroyed by interfacial mixing in Si=Ge SLs, which results in the disappearance of the minimum in the period length dependency of thermal conductivity [35] , generally regarded as the signature of coherent transport. However, we point out that transport in SLs with interfacial mixing remains coherent for low-to midfrequency phonons, leading to an observable aperiodicity-induced thermal conductivity reduction, well below the alloy limit [dashed line in Fig. 1(c) ]. Wave effects should thus be considered when interpreting results from nanophononic systems even in the presence of impurities and dislocations, e.g., as obtained from phonon Monte Carlo simulations which do not conventionally account for coherent phenomena [50] .
In previous studies, cross-plane thermal conductivity reduction in random Lennard-Jones multilayer systems has been quantitatively described in terms of a simple twophonon model [12] . In this model, thermal conductivity is composed of an effective exponentially localized coherent mode, as well as an effective incoherent mode insensitive to wave localization. While simple to implement, such decomposition neglects the frequency dependence of MFPs and the length scale for localization, and any subexponential incipient frequency regimes between localized and extended transport, often taking the form of a power law [20] .
To address the spectral origin of these transport features, we extract the frequency-resolved phonon transmission T ðωÞ in our systems by tracking the force-velocity correlations between atoms during the nonequilibrium simulation [40] . Figures 2(a)-2(d) present phonon transmission spectra for systems of size L ¼ 10-355 nm for p-SL with sharp and mixed interfaces, and similarly for ap-SL as ensemble averaged over five systems, respectively. The shaded areas in the figures illustrate the different transport regimes as discussed in the following. In both p-SL systems, the transmission at low frequencies (f < 2 THz) is length independent and thus contributed by ballistic modes with long anharmonic MFPs. For the length-dependent transmission of the diffusive modes above 2 THz, interfacial disorder promotes strongly increased scattering, resulting in the thermal conductivity reduction in Fig. 1(c) .
The observed remarkable performance of ap-SL with sharp interfaces, however, results from the broadband extinction of phonon transmission [ Fig. 2(c) ] as compared to p-SL, down to ∼0.4 THz thus identified here as the mobility edge. The phonon transmission reduction shows the characteristic exponential size dependency of Anderson localization throughout the phonon spectrum in the 0.4-9 THz frequency range [40] . The finding suggests a ballistic-to-localized transition for the low-frequency coherent spectral contribution. Such transition was experimentally observed only recently [19] , now pointed out through our atomistic simulations. As a testimony to the wave origin of the phenomenon, Anderson localization affects transport only up to ∼4 THz [ Fig. 2(d) ] within interfacially mixed ap-SL, after which the available modes follow the diffusive behavior of interfacially mixed p-SL. Thus, incoherent scattering induces dephasing, delocalizing the high-frequency modes. As impurity scattering provides a weaker thermal conductivity reduction than Anderson localization, the thermal conductivity of ap-SL in Fig. 1(c) increases with the inclusion of interfacial mixing.
In general terms, the long wavelength phonons below 2 THz present a fundamental challenge for thermal design as they cannot be scattered by nanoscale features, such as guest-material interstitials or surface roughness. Our spectral findings suggest that aperiodicity-driven phonon localization presents a highly robust strategy for tuning the midto low-frequency phonons without fabricating structurally complex features, such as resonant branches or pillars [3, 4] . The low thermal conductivity is further achieved without deteriorating the crystalline structure of the material, which is optimal for retaining good electrical properties in, e.g., thermoelectric applications [51] .
We illuminate the interplay between different transport regimes through the characteristic length scales in the systems, presented in Fig. 2(e) . The anharmonic MFPs Λ of phonons follow from the length-dependent transmission functions of p-SL (denoted by superscript p) T p ðωÞ ¼ f½T 0 ðωÞ=(1 þ L=½2ΛðωÞ)g, where we treat T 0 and Λ as fitting parameters [52, 53] . In case of sharp interfaces, MFPs scale as ∼ω −2 , indicating that diffusive transport is dominated by phonon-phonon scattering. Here the interfaces act as a source for Bragg scattering, allowing for interactions associated with wave dynamics. Introducing atomic mixing into p-SL yields ∼ω −4 scaling as a signature of Rayleigh scattering by atomic impurities [54] , resulting in the dramatic reduction of the high-frequency MFPs. Meanwhile, the low-frequency ballistic regime in Figs. 2(a) and 2(b) is characterized by MFPs of several micrometers. Given the exponential behavior associated with Anderson localization, we extract the frequency-resolved cross-plane localization lengths ξ loc fromT ap ðωÞ=T p ðωÞ¼e −L=ξ loc ðωÞ , where superscript ap refers to ap-SL and the overline denotes an ensemble-averaged quantity. The localization length diverges at the mobility edge, decreasing down to ∼30 nm where the maximum thermal conductivity in Fig. 1(c) Fig. 2(d) . As a result, while the localization length is found roughly independent of the interface quality below 4 THz, no exponential character may be assigned to higher frequencies for systems with interfacial mixing.
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The normalized thermal conductivity accumulation in Fig. 2(f) reveals the spectral origin of heat transport in ap-SL; a full analysis of the thermal conductivity accumulation is presented in Ref. [40] . While localization generates a plateau above the mobility edge at f > 0.4 THz, we find that high-frequency modes, undergoing localization, retain finite heat transport even in large systems with a length scale of several ξ loc . Such transition from fully to partially localized states coincides with the reduction in the coherence length of SL as extracted from the spatial crosscorrelation function of atomic velocities [40] . This incipient localization regime suggests that aperiodicity promotes sensitivity to phase breaking processes for high-frequency phonons with a spatial coherence length comparable to the period of SL.
To combine our gathered insight on the heat transport across the frequency spectrum in the form of an analytic expression, we propose a phenomenological model accounting for the interplay between phonon localization and phase breaking processes in ap-SL. In the model, we modify the argument of the exponential,
where l ϕ denotes the frequency-dependent characteristic length scale for the dephasing of the phonons in the incipient localization regime. The expression is reminiscent of the phenomenological approach utilized for the ballisticto-diffusive transition of T p ðωÞ [52, 53] , now smoothly interpolating between the localized and extended transport regimes through a power-law-like behavior. Here, we briefly describe the implications of Eq. (1) for the relative thermal conductivity
It is straightforward to see that in the incoherent limit, l ϕ ≪ ξ loc , the exponential reverts to unity (κ 0 ¼ 1) and transport is unaffected by localization. On the other hand, given the localization criterion, l ϕ ≫ ξ loc , the standard exponential form of κ 0 ∝ e −L=ξ loc is assumed and transport is eventually quenched as the system size increases. However, in the incipient regime when l ϕ ∼ ξ loc , the exponential converges to a finite value between zero and unity, κ 0 ∝ e −l ϕ =ξ loc . Thus, l ϕ replaces L in the exponential expression, providing a cutoff for system size beyond which localization no longer occurs. As the presented expression covers the behavior of the complete frequency spectrum, we provide analytic reproductions of the simulation results based on the Finally, we set the localization phenomenon on a more fundamental basis via lattice dynamical calculations [40] . Figures 3(a) and 3(b) present the low-frequency phonon dispersion in the cross-plane direction in p-SL with N p ¼ 4, as well as in five representative ap-SLs for longitudinal and transverse phonons, respectively. In the absence of aperiodicity, the phonon dispersion shows the characteristic phononic gaps (indicated by arrows) of coherent SLs, insensitive to the size of the system. The cross-plane group velocity reduction near the gaps marks the well-established origin of the thermal conductivity minimum in SLs [55] . In aperiodic systems, however, increasing the system size not only folds the Brillouin zone onto itself, but drives further miniband formation and group velocity reduction at the newly formed Brillouin zone edges. As a result, while the ensemble-averaged phonon density of states (PDOS) shown in Fig. 3(c) remains unaffected by aperiodicity, the average group velocity assigned to the states is drastically reduced in ap-SL. To elucidate this effect, in Fig. 3(d) we weight the PDOS by the square of the respective cross-plane group velocities v x k;ν to obtain hv
where V is the volume and k and ν denote the wave vector and phonon branch, respectively. While modes above 11 THz are trapped into the Si layers as they are not supported by the Ge constituent, an additional broadband quenching of the group velocity is driven by secondary gap formation. The finding is in agreement with the strong decrease in the atomic participation of the thermal phonon modes within ap-SL, while the in-plane group velocities are found insensitive to aperiodicity [40] . Interestingly, early theoretical work on SLs interpreted the thermal conductivity minimum to originate from localizationlike behavior [56] . Even though the effect was later shown to result from the competition between gap formation and incoherent processes, the present work reassociates phonon Anderson localization with secondary phononic miniband formation. In light of the lattice dynamical picture and as discussed in detail in Ref. [40] , the exponential behavior associated with Anderson localization is thus contained in the system size dependence of the phonon group velocities. Since increasing decoherence closes the phononic gaps in the SL phonon dispersion [55] , the dephasing length l ϕ provides an upper cutoff for system size after which the miniband formation no longer occurs. Indeed, such an interpretation is in agreement with Eq. (1).
In conclusion, Anderson localization is a powerful tool for broadband quenching of phonon transport, particularly in the sub-to few-THz range, leading to an ultralow crossplane thermal conductivity at room temperature, thus beating the alloy limit without affecting in-plane transport or the crystalline integrity of the system. We accurately reproduce the simulated thermal conductivities using a phenomenological model covering the characteristics of the full transport spectrum, as well as show that localization is driven by secondary miniband formation. We expect the results to translate to a wide range of periodic nanostructures exhibiting the thermal conductivity minimum, such as 2D [15] , nanowire [41] , and twinning [38] superlattices, offering new insight for the flexible optimization of thermal properties. Finally, the emergence of thermal conductivity maximum is expected to be a key experimental feature for understanding wave localization in novel phononic systems, readily within reach by the use of the currently existing fabrication techniques.
